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I. INTRODUCTION

Duringthe past
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year,the primaryobjectiveof the contractunder

which thiswork was performedwas to developefficientmethodsfor solving

matrixgameshavingmultipleresourceconstraints(Reference1). The

objectivewas to developmethodswhichwouldwork well for the variety

of combatscenariosin whichnavalgeneralpurposeforcescouldbe used.

To satisfythis requirement, it was necessaryto have a generalframework

or model in which the essentialcharacteristicsof a varietyof force

typescouldbe specified,and with whichthe effectivenessof the forces

used with and againstotherforcescouldreadilybe assessed. The model

would have to be efficientenoughto allowexaminationof the results

of largenumbersof strategycombinations.In otherwords,we neededa

damageassessmentmodel thatwas on the one hand quitegeneral,and on

the otherhand, easy and inexpensiveto use. Althoughseveralexisting

naval forceengagementmodelswere examined,no modelwas foundto

be sufficientlygeneralor “automatic”enoughfor the presentpurposes.

It was, therefore,considerednecessaryto developa new damagemodel

for the currentresearchpurpose. This paper describesthis new damage

model. It is felt that thismodel is generalenoughto be of residual

value in otherstudiesthatmay be undertakendealingwith navalgeneral

purposeforces.

In orderto assessthe valueof naval generalpurposeforcesin a

combatsituation,it is necessaryto specifya means for assessingthe

damageto the combatantsas a functionof theirrespectiveforcemixes.

Specificationof such a damagefunctionis not an easy task,because

of the variedrolesthat differentforce types play, and becauseof the

interactionsbetweenforcetypes. The d~agi,ngeffectsof sonobuoys,for

example,is totallydependenton the amountsof otherforcetypesused

in conjunctionwith the sonobuoys? Furthermore,forcetypescan vary

considerablywith respectto several

addingto the complexityof modeling

differentessentialcharacteristics,

the situation.



,Thereare severalbasicpropertiesthat the damagefunctionto be

used in the currentcontextmust satisfy. These,propertiesfollowfrom

the purposefor which the damagefunctionis to be applied: it must

enablea thoroughtest of the resourceconstrainedmatrixgame-solving

procedure. First,it must adequatelyreflectthe fundamentallydifferent

rolesof the forcetypes: search,detection,engagement. Simplemeasures

of “combateffectiveness”do not suffice- theymask the effectsof

interactionsbetweenforcetypes. Second,the damagefunctionmust

describethe effectivenessof a mix of forcesagainstopposingforces.

After a submarineis detected;for example,the probabilitythat it is

destroyedper unit of time changesas forceson the opposingsidebuild

up. Finally,the damagefunctionmust be readilycomputed,to hold the

time and expenseof testingthe resource-constrainedgameproblemto

reasonablelevels.

Severalexisting’navalcombatmodelswere

whetheror not they couldbe used as the damage

effort. The modelsexaminedin detailwere the

examinedto determine

functionfor the current

APOWP model (Reference2);

●
the submarine-carrierengagementmodel of CNA’SAMGF study (Reference3),

and the modelsused by Dr. Paul Chaikenin his studiesat Stanford.
ResearchInstitute(Reference4). As mentionedabove,thesemodelswere

considerednot foundto be suitablefor the currentpurposes. They

eitherdid not considerinteractionsbetweenenoughforcetypes,or

simplydid not model the engagementbetweenforcesin a mannerappropriate

to the purposesof the currentresearcheffort.

The primaryreasonswhy the abovemodelswere not usablefor the

currentstudywere the following:

1. APCAMP. This modelhad.twodrawbackswith regardto the
currentstudy. First,the way in which the forceswere
deployedhad to be specifiedin detailby the user. It
was not sufficientto specifydeploymentcharacteristics,
and “let the model run”. Second,the effectivenessof
multiplenumbersof forceson one side againstmultiple
numbersof forceson the othersidewas not consideredto
be handledin a reasonablefashion. The interaction
betweenforcesof the same type,and betweenforcesof
differenttypes, was essentiallyignored.

2
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2.

3.

Let

CNA’SAM&F Study. This studydevelopeda model of the
engagementbetweensubmarinesand a carrier. The model
t’restedsearchin a reasonablefashion,and modeledthe
effectof a singlesubmarineagainsta carrier,also in a
soundmanner. (Thedifferentialequationapproachto
damageassessmentthat the studyused was in fact adopted,
in “amore generalcontext,for the currentmodel.) The
model treatedthe submarineattacksas independent,however,
and did not allowfor submarinecommunicationto effect
multiplesubmarineattacks. Furthermore,otherforce
types (e.g.,aircraft)were not considered.

Dr. ChaikentsModels. Thesemodelsconsideredthe effects
of search,and modeledmultiple-forcenumberinteractions
throughmeans of Manchesterequations. The modelsdealt
with singleforcetypesin adequatedetail,but did not
considerthe problemof communicationor interactions
betweenmultipleforcetypes. The Manchester-type
differential-equationapproachto multipleforcenumbers
was adoptedfor the currentstudy,for the multiple-force-
type situation.

us referto the two combatantsas “red”and “blue”. This paper

derivesan expressionfor the expectednumbersof red and blue forces

destroyed,as a functionof the numbersof red and blue forces,deployed

in the battlearea. The situationmodeledis one in which search,

detection,and engagementall play importantroles. A numberof approxima-

,tionsand assumptionsare made in orderto,obtainresultsthat are

analyticallytractable,yet stillreflectthe essenceof the problem.

●
3



II. MODEL SPECIFICATION

A. Introduction

In orderfor a damagefunctionto be adequatefor the present

purposes,it must modelboth the searchand detection,as well as the

engagement,aspectsof naval combat. One of the difficultiesthat arises

in constructingsuch a generalmodel stemsfrom the fact that thereare

interactionsbetweendistinctengagements.Clearly,forcesthat join

one engagementare not availableto join another. If most of the forces

were to be engagedat a point”intime, it wouldbe necessaryto consider

the implicationsof this effect. This situationis not, however,

characteristicof combatin the campaign-lengthtime framewith whichwe

are concerned. To simplifythe analysis,we shallthereforeneglectthe

effectof this interaction.Furthermore,we shallimposea maximum

time from the inceptionof an engagementduringwhich forcesmay join

that engagement.

The aboveassumptionsare the principalrestrictionsto be imposed

●
on the developmentof the model. There are, of course,a numberof

mathematicalapproximationsmade in constructingthe model,but thesewill

be describedin the developmentof the model.

B. QualitativeDescriptionof the Model

Beforepresentingthe analyticaldevelopmentof the combatmodel,

we shallgive a verbaldescriptionof the salientmodel features,through

means of an example. Supposethat each sidepossessesfive forcetypes:

searchaircraft,submarines,destroyers,sonobuoys,and mines (ormine

fields). At any givenpoint in time,the aircraft,submarines,and

destroyersare searchingfor enemysubmarines. Each forcetypehas a

speedand “searchwidth,”relativeto each enemyforcetype. If an

enemy forceelementof a particulartypepasseswithinthe associated

searchwidth,he is detected. Upon detection,.the detectorinformsall

forceson his side of the detection. Theseotherforces,with specified

probabilities,may or may not chooseto closeon the detectee. The

detector,with specifiedprobability,may or may not chooseto engage

4



the detectee. Thus a search

not to engagethe submarines,.
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z
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aircraftthat detectsa submarinemay choose
w-LPX
U>

and rely on destroyersor othersubmarines *..!.
-m

to attack

aircraft)

a mine or

and has a

the detectedsubmarine. Certainforcetypes (e.g.,othersearch ~

may, of course,choosenot to engagethe detectedsubmarine. If,.

mine field“detects”a submarine,it”“engages”it with certainty,

specifiedprobabilityof instantaneouskill. As otherforces

(destroyers, submarines)engagethe detectedsubmarine,the kill rate

againstthe submarinechanges,as does the submarinesdisengagementrate.

Afterthe maximumtimementionedearlierhas expired,no new enemyforces

may join the engagement.The “engagementends eitherwhen the submarine

is destroyedor escapes,or all of the attackingforcesdisengage.

In the abovesituation,kill probabilitiesare of two types:

(1) an initialdiscreteprobabilitythat the detecteeis destroyed”

by a detectorthat choosesto engagethe detectee;and (2] a continuous

probabilityof kill per unit time (killrate),that dependson the mix

and numbersof forcesattackingthe detectee.

The rate at which forcesare detected,or at which additional

forcesreacha detectee,dependson the densitiesof the forcetypes

over the battlearea,and on theirspeeds. As we mentionedearlier,

interactionsbetweendistinctengagementsare not considered,and so the

densitiesare not modifiedto reflectunavailableforcesalreadyengaged.

In orderto most simplydescribethe valueof a forcetype over a

longperiodof time,it seemsbest to seek equilibrium,or “steadystate”

ratesof kill of the variousforcetypes,assumingreplacementof forces

as they are destroyed. The principalreasonfor doingthis is that it

does not appearreasonableto allow long-time-periodcampaignsto “fight

themselvesout”. It is the equilibriumkill rates,not the ultimateclosed-

systemoutcome,thatbest seemsto describethe combatvalueof forces.

The analyticalderivationof the combatdamagemodel is presented

in the Appendix.

5
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III. COMPUTERPROGRAM W$
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A computerprogramwas writtento implementthe aboveanalytical ~;

model. The followingtablespresentsome runs of the program. For the c%

firstcase,each side had two weapontypes,searchaircraftand submarines,

deployedin a 500,000squarenauticalmile area. The aircraftcould

detect,but were not allowedto attack,the submarines. Submarinescould

both detectand attackenemysubmarines,and alwaysproceededto engage

detectedenemysubmarines,for up to 5 hoursafterthe initialdetection.

The submarine’sspeedwas 15 n.mi.,the aircraft~sspeedwas 150 n.mi.

The searchwidthsfor both aircraftand submarineswas 1 n.mi. The

instantaneouskill probabilityof a submarineagainsta submarinewas .5,

the kill rate 1.0, and the disengagementrate .5. Kill rateswere

determinedfor all possiblecombinationsof O, 50, and 100 forceelements

of each type (dueto symmetry,only half the caseswere run). Table I

showsthe inputdata,and Table II showsthe resultsof the run.

Table III showsthe inputdata for a case involving5 weapontypes,

and Table IV illustratesthe results.

6



TABLE 1.

InputData,Case l(TwoForceTypes)
(DataGiven for Side 1 Only -- Side 2 is Identical.)

.

AREA =- ~~ - 500000. .- .-—- . — —--- .—~—.— .———. .

MAX TIME TO JOIN ENGAGEMENTS = S.ocl
SIDE--1--N O--OF--FORCE--TYPES-= ---- 2
SIDE 2 NO OF FORCE TYPES = 2
..-. .,-. .—.. . --------------- -------- ... .. . . . . ..------ -------------- ------- ___ __— __— —-- _— — ._

FORCE TYPE NAMES FOR SIDE i-
.

SEARCH AIRCRAFT ..-. ~------------------- - —..———-. -———...
HUNTER-KILLER SU8M”AR1NE

FORCE TYPE NAMES FOR SIDE ,2 :

SEARCH AIRCRAFT ------- ---–— ------ ——–———— — -— —

HUNTER-KILLER SU8MARINE
,—... - ------- ---- .. - -—.- -.—— -—________ _______ -- .--— — ——

DATA FOR SIDE i
.-

-tX)RCE--TYPE--SPEEOe~—e~ —
150.0000 15.0000 ‘1-SEARCH WIDTHSOO”O-----–-—-—--—

‘2

DETECTEE TYPE 1

●
-- ---0.0000 -- 0.000o.-----––--–--ql ’12-
DETECTEE TYPE

-—

2
-1.0000 —1-*0000 ’21 ’22.
PROBS THAT A NONDETECTOR HEADS TOWARD A DETECTEEo.c “
OETECTE-E TYPE ------- l-----– ——-..— —. - -—

0.0000

--
000000 Pql Pab12 .

OETECTEE TYPE - 2 ------ ——-—- —.——- .—— — -— —.——

0.0000 1.0000 Pab2~ Pab22
-PROBS-THAT. OETECTOR-ENGAGES--I)E.TECTEE+e,

*

DETECTEE TYPE 1
--------.0.0000~~--0.0000 ----------Pall Palz —— —— —
OETECTEE TYPE 2
... .0.0000 leoooo --------pail Pa22-.——— ...-——.—.—--—
INSTANTANEOUS KILL PROB OF DETECTOR AG OETECTEE~ GIVEN ENGAGEMENT..o

- .-——- - —

OETECTEE-TYPE -—---1 --—
0.0000 0.0000 Pkll @’12 .

.

OETECTEE TYPE ----- ....-——-. -—___ —. ——. -—
0.0000

.2 . .. .. .-...-. ... ..--pk21
0.5000 Pk22

KILL RATE OF DETECTOR AG OETECTEES IN EVENT OF NONIMMEO KILL, -------
OETECTEE TYPE 1
—0.0000..-––0.0000..—
OETECTEE TYPE

all ’12— ‘
.

..--.0.0000 1.00;0 : ~- .-.azl a22”-– ----—-”---
OISENGAGEMENT RATE OF OETECTEE FROM DETECTOR,-*

——— --- .

OETECTEE TYPE ..1 ——..— ..------—-—— ---—-—-..—— ---

●
-——— -.---—..---

000000 000000 ’11 %2
DETECTEE–TY.PE--–-—.2

000000 0.5000 ’21 ~22 “



TABLE II.

Results,Case 1.

co

.

Side 2

0 so 100

0 50 100 0 so 100 0 so 100

0 00 00 00 00 00 00 00 00 00
00 00 00 00 00 00 00 00 00

0 50 0 .137 0 .282* 00 0 .640 0 .785* 00
n

o 1.142 0 1.288*
o .137 0 .275 00 0 .137 0 .275 00 0 .137 0 .275

100 :; O .27S O .565 00 0 1.280 0 1.s70
O .282 0 .S65

00 0 2.285 0 2.575
00 0 .282 0 .565 00 0 .282 0 .565

0 00 00 00 00 00 “00 00 00 00
00 00 00 00 00 00 ,00 00 00

50 50 :: 0 .137 0 .282 00 0 .640 0 .78S 00 0 1.142 0 1.288
, 0 .640 0 1.280 00 0 .640 0 1.280 00 0 .640 0 1.280

100 ;: O .275 0 .56S 00 0 1.280 0 1.570 00 0 2.285 0 2.S7S
O .785 0 1.570 00 0 .785 0 1.570 00 0 .78S o 1.s70

o 00 00 00 00 00 00 00 00 00
00 00 00 00 00 00 00 00 00

100 50 ;; o .137 0 .282 00 0 .640 0 .785 00
0 1.142

0 1.142 0 1.288
0 2.28S 00 0 1.142 0 2.28S 00 0 1.142 0 2.28S

100 ;; O .275 0 .565 00’ 0 1.288 0 1.570 00
0 1.288

0 2.285 0 2.575
0 2.575 00 0 1.280 0 2.S75 00 0 1.288 0 2.575

Kill rates for Side 1
Kill rates for Side 2

●Consistency check: .78S + (.71’S - .281) ● ..78S+ ,S03= 1.288
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TABLE III.

InputData,Case 2 (FiveForceTypes)
(DataGivenfor Side 1 Only -- Side 2 is Identical.)

AREA = 500000.
MAX TIME TO JOIN ENGAGEMENTS = ‘5.00
SIDE 1 NO GF FORCE TYPES = 5
SIDE 2 NO OF FORCE TYPES = 5

FORCE TYPE NAMES FOR SIDE 1,
SEARCH AIRCRAFT
HUNTER-KILLER SUBMARINE
“DESTROYER
MI14E FIELD
SCINOBUOY

FORCE TYPE NAMES FOR SIDE 2
SEARCH AIRCRAFT
HUNTER-KILLER SUf3MARINE
DESTROYER
MtNE FIELD ~
SONOBUOY

DATA FOR”SIDE “ 1
FORCE TYPE SPEEDS...

150.0000 20.0000 20.0000 0.0000
SEARCH WIDTHS...
DETECTEE TYPE 1

000000 0.0000 0.0000 0.0000
DETECTEE TYPE 2

“1.0000 1.0000 1.0000 1.0000
DETECTEE TYPE 3

0.0000 0.0000 0.0000 0.0000
OETECTEE TYPE 4

0.0000 0.0000 000000 0.0000
DETECTEE TYPE 5

0.0000 0.0000 0.0000 0.0000

.,

0.0000 .

0.0000

1.0000

0.0000

0.0000

0.0000
PROBS THAT A NONDETECTOR HEADS TOWARD A DETECTED...
DETECTEE TYPE 1

0.0000 0.0000 0.0000 0’.0000 0.0000
DETECTEE TYPE 2

0.0000 100000 1.0000 0.0000 0.0000
DETECTEE TYPE 3

0.0000 0.0000 0.0000 0.0000 0.0000
DETECTEE TYPE 4

0.0000 0.0000 “ 0.0000 0.0000 0.0000
OETECTEE TYPE 5

0.0000 0.0000 0.0000 0.0000 0.0000

.

9
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TABLE III. (cone.)

PROBS THAT DETECTOR ENG$GES OETECTEEoos .
OETECTEE TYPE 1

0.0000 0.0000 0.0000 0,.0000 0.0000
..

DETECTEE TYPE 2
0.0000 1.0000 1.0000 1.0000 0.0000

DETECTEE TYPE 3
0.0000 0.0000 0.0000 000000 000000

OETECTEE TYPE 4“”
0.0000 0.0000 000000 0.0000 0.0000

OETECTEE TYPE 5
0.0000’ 0.0000 0.0000 0.0000 0,0000

INSTANTANEOUS KILL PROB OF DETECTOR AG DETECTEET GIVEN ENGAGEMENT...
OETECTEE TYPE 1

0.0000 0.0000 0.0000 0.0000 0.0000
DETECTEE TYPE “ 2

0.0000 0.5000 0.5000 0-2500 0-0000
DETECTEE. TYPE 3 .

0.0000 0.0000 0.0000 000000 0.0000
DETECTEE TYPE 4

●
0.0000 002500 0.0000 0.0000 0.0000

DETECTEE TYPE 5
0.0000 000000 0.0000 0.0000 000000

KILL RATE.OF DETECTOR AG DETECTEES IN EVENT”OF NONIMMED KILL.**
OETECTEE TYPE 1

0.0000 0.0000 0.0000 0.0000 0.0000,
DETECTEE TYPE 2

0.0000 1.0000 1.0000 0.0000 0.0000
DETECTEE TYPE 3

0.0000 0.0000 0.0000 0.0000 0.0000 ,
DETECTEE TYPE 4

0.0000 000000 0.0000 0.0000 0.0000
DETECTEE TYPE 5

0.0000 0.0000 0.0000 0.0000 000000
DISENGAGEMENT RATE OF DETECTEE FROM DETECTORo*e
OETECTEE TYPE 1’

0.0000 0.0000 0.0000 0.0000 0.0000 .
DETECTEE TYPE 2

1.0000 100000 1.0000 1.0000 1.0000
OETECTEE TYPE 3

0.0000 0.0000 0.0000 0.0000 0.0000
DETECTEE TYPE 4

0.0000 0.0000 0.0000 000000 0.0000
DETECTEE TYPE 5

0.0000 000000 0.0000 0.0000 0.0000



●
TABLE IV.

Reshlts,Case 2.

SIDE FORCE LEVELS CORRESPONDINGKILL RATES

PLANE SUB. DEST. MINE SONO. PLANE SUB. DEST. MINE SONO.

1 100 100 100 100 100 ; o 1.891 0 .1+ o

2 100 100 100 100 100 0 1.891* o .1 0

1 100 100 100 100 100 0 1.622 0 .1 0

2 50 100 100 100 100 0 1.891 0 .1 0,

1 100 100 100 100 100 0 1.442 O .05+ o

2 100 50 100 100 100 0 ●945* o .1 0

1 100 100 100 100 100 0 1.556 0 .1 0

2 100 100 50 100 100 0 1.891 0 .1 0

1 100 100 100 100 100 0 1.814 O .0 0

2 100 100 100 50 100 0 1.891 0 .05 .0

1 100 100 100 100 100 0 1.855 O .1 0

2 100 100 100 ,100 ~ 50 0 1.891 0 .1 0

ConsistencyChecks: All kill ratesmove in correctdirections.

*AIso,1.891/2= .945
tAlso, .1/2= .05
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1. EngagementModel

In this sectionwe shalldevelopa model of

of an engagement,conditionalon a detectionof a

the courseand outcome

specifiedred force

typeby a specifiedblue forcetype. The next sectionwill combinethis

resultwith an expressionfor the expectednumbersof detectionsof,the

varioustypesper unit time,to yield an expressionfor the totalexpected

numbersof forcesdestroyedper unit time, (i.e.,for the kill rates).

The followingnotationwill be used to definethe

of which-themodel is constructed.The variablesgiven

representthe

corresponding

of forcetype

paij =

pabij =

pkij

a ij

$ij

Ni

A

Pi

tm

red forces. A bar abovea symbolwill be

variablesin terms

belowwill

used to denotea

quantityfor blue. We shallreferto a particularmember

i as an “elementof type i,“ or simplyas “an i.” Let

probabilitythat i attacksan enemyj, giventhat the i

detectedthe j;

probabilitythat a nondetctori heads towarda detected

enemyj;

probabilitythat an i killsan enemyj immediately,given

that the i detectedand then engagedthe j;

kill rate of an i againstan enemyj, giventhat the i

is engagedagainstthe”j (and,of course,the j is

stillalive);

disengagementrate for a j when engagedby an enemyi;

numberof forcesof type i in the battlearea;

area of the battlearea;

densityof forcetype i = Ni/A;

maximumtime for forcesto join an engagement(measured

from the time of detection);



*
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w = “searchwidth”of an i for an enemyj (i.e., if an
ij

enemyj comeswithindistancew.. of an i, then the i
lJ

detects the j; ‘

v.
1

= speedof an i.

We make the followingassumptionsaboutthe effectivenessof the

fdrcesand the mannerin which they are employed.

10 If an i detectsan enemyj, only forceson the its sidemay
enterthe resultantengagementinvolvingthe j (wereferto
the arrivalof new forcesas “buildup’i);

2. The kill rate and disengagementrate of an i againstan
enemyj are unaffectedby the presenceof otherforceson
eitherside;kill ratesand disengagementratesare additive;

3. If an i detectsan enemyj, eitherthe i“orthe j may be
killed,but no

If an i detectsan

1. The i doesnot

additionalcasualtiesmay result.-

enemyj, the followingeventsmay occur:

attackthe j;

2. The i attacksthe j, in which case the followingeventsmay
occurto the j:

a.

b.

c.

d.

and the

e.

f.

the i killsthe j immediately,endingthe engagement;

the i killsthe j in time,endingthe engagement;

the j is killedby buildup,endingthe engagement;

the j disengages,endingthe engagement;

followingeventsmay occurto the i:

the j killsthe i immediately,endingthe engagement;,.

the j killsthe i in time (butthe j is stillsubject
to kill by buildup).

Let us assumethat it is a blue j that detectsa red i. We have

pdef(i,j)= P(red i is killedlbluej detectsred i)

= P(i is killedljdoesn~tattack)P(jdoesn?tattack)

+ P(i is killedljattacks)P(jattacks)

,= pl(i,j)(l- Zji) + P2(i>j)Wijs

AZ
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where

Cx

Pl(i,j)= P(i is killedljdoesn’tattack)

p2(i,j)= P(i is killedljattacks).

We shallnow deriveexpressionsfor pl and p2. Now

pl(i,j)= 1 - P(i survivesbuildupljdoesn’tattack)

= 1 - P(disengagementeventoccursbefore
kill eventoccurs]

= 1 - JP(disengagementeventat time t and kill
t

eventaftert) dt

= 1 - f~[disengagementeventat t)
t

P(killeventaftert) dt

sincewe are assumingdisengagementand kill “events”occurindependently.

Now

P(killeventoccursaftert) = P(survivalto tlno disengagement
by t).

Let pt denotethe precedingprobability.We have

‘t + At
= pt(l - rtAt)

where rt denotesthe kill rate due to all arrivingenemyforces. In

time t afterdetection,this kill rate is

(v~t)z~kmki ‘f ‘&tm

2-—
(Vktm) Pk Pabki ‘f “tm

A3
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{

2ait t~tm

=
2

a.t t>’t
lm m

where

Takingthe limitas At + O and solvingthe resultantdifferentialequation,

we obtain

{

- ait3/3
e Ktm

p) =
- ait~t+ 2ait~/3

e t>tm

●
as the probabilitythat the kill eventoccursaftertime t (i.e.,that

the i survivesto time t, giventhathe has not yet disengaged).

Similarly,if we

detectorand all

‘t =

{

now redefinert to be the disengagement

arrivingenemyforces,we have

z Tkill(vkt)2Fk *ki t:tm
k

z Fkin(vktm)
2–—
~k pabki t>tm

{

bit2 t~tm

=

bit; t>tm

where
.,

rate due to the

bi = z TkilT(Tkt)*Fk ski .
k

A4
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If we redefinept
l“-

now to be the probabilitythat the disengagementevent -w”w>
has occurredby time t, we obtain

w>
1.”.,
Wry

{-

(Fjit +b4t3/3)
e

pt =
- (Tji+

e

Hence,the probabilitythat

and the probabilityelement

{

(Tj i

2
)

+ bit e

(
Fji i~)e

+l)t

J. t~tm

bit~)t +zbit~fs
t>tm

the disengagementoccursby time t is 1 - pt,

that the disengagementoccursat time t is

- [Tjit+ bit3/3)
dt .,t+tm,

- (Fji+ bit~)t+ 2bit~/3 .
dt,t>tm .

Hence we have

.. t - (~jit +bit3/3) - ait3/3

pl(i,j) = 1 - fOm(~ji + bit2)e e dt

+$; (~ji+bit~)e -
m

.
“2- aitm + 2aitJ/3

.e dt .

we shallhence seek anThis integralis difficultto evaluate,and

approximationto it. For very smallt, kill is unlikely,and the

disengagementrate is Tji. For all t St m, the ratioof the disengagement

rate to the sum of the disengagementand kill ratesis

\
T. i + bit2

Fji

+ (ai + bi)t2

.



-.- .. .----

c,
.7

m

‘mote: the detector’skill rate~
f-.

ii does not appearin the denominator, %.i<>
sincewe are considering

For t ~tm, the ratiois

F.. + b.t2
11 lm

the case in which the detectordoes not attack.) ...
w>
ml
**
n!
c!

.

Fj i

+ (ai+bi)t~

For largetm‘thisquantityapproachesbi/(ai+ hi). For small%m, this

quantityapproaches1. For

this quantityis halfwaybetween

.?.i
2+ bit

the two limits. If we approximate

Fj i

+ (ai+ bi)tz
I

bylfort~t Ij
and by

fort>t lj’ we have, for tm z tlj’

P(i survivesbuildupljdoesn’tattack)= P(disengagementevent

occursby tlj)*l+ (1 - P(disengagementeventoccursby tlj))

F.. + b.t2
e J1 lm s

Fj i

+ (ai + bi)t~

A6
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and, for t <m

P(i

j
I

Now

2:
CT
l--
*.

‘lj
w?
w>
+4
ml
*,
l-r!
m!

survivesbuildupljdoesn’tattack)= P(disengagementevent

occursby tm)”l+ (1 - P(disengagementeventoccursby tin)).

P(disengagement

Hencewe have

(
-Tjitlj

1 -e fort=t
eventoccursby t) = lj

- Fjitm -
1 -e fort=tm.

Pl(i,j)= 1 - P[i survivesbuildupljdoesnttattack)

I

[

- Fjitlj
e

=

- ;jitm ait~
e

Fj i

+ (ai + bi)t~

‘lj>tm ●

2
a.t
lm

Fj i

+ (ai +-b.)tz

‘ljStm
lm

Havingderivedan expressionfor pl(i,j),we now proceedto derive

an expressionfor p2(i,j). Now

A7
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p2(ijj) = P(i is killed]jattacks)
w,w>
Q>

= P(i is killedimmediatelyljattacks)
P.*
m?

+ P(i is killedin time]jattacksand i is not killed
m,
l-m
e!

immediately).P(i is not killedimmediatelyljattacks

= ~ji + P(i is killedljattacksand i is not killed

immediateIy)(l- Xj i)

= ~ji + p3(i,j)(l- Tji)s

say,where

p3(i,j) = P(i is kil’’ledljattacksand i is not killedimmediately).

Let A denotethe event

{j attacksand i is not killedimmediately}.

.

Then

p3(i,j)= P(event“j kills it’occurslA)+ P(event‘tbuildupkills i’!

occtislA)- P(event“j kills i“ occurslA)

, +P(event.“buildupkills i“ occurs)

=p4(i,j)+Pl(i,j) - p4(i,j)rf1(i,j),

where

p4(i,j)= P(event“j kills i“ occurs]A)

= P(event“j kills i“ occursbeforeevent“i killsjttoccurs)

.P(event“j kills i“ occursbeforeevent“i disengagesj“

occurs)

“P(event.ffjkills if’occursbeforeevent“j disengagesi“

occurs)

A8



a.. a.. a= J1 . ..]1 . ]1 .
—. —+ir-
aji + aij

‘+ b..
aji II aji 1]

Hence,substitutingp4 intop3, and p3 intop2, we obtainthe expression

for p2(i,j). Havingexpressions,for both pl(i,j)and p2(i,j),we hence

have evaluated

pdef(i,j)=

Now if a blue j

destroyedis

..
+

●

P(red i is killedlbluej detectsred i).

detectsa red i, the probabilitythatthe j is

P(bluej is killedlbluej detectsred i)

P(j attacksljdetectsi)

[P(ikillsj immediatelyljattacks)

P(j killsi in timeljattacksand i is not killedimmediately

P(i does not kill j immediatelyljattacks)).

11. Total Kill Rates

We have now determinedthe kill probabilities,conditionalon

detection. In orderto determinethe kill ratesfor the variousforce

types,it remainssimplyto determinethe detectionrates. We have

d(i,j)=,rateat which i detectsj

‘2 1/2wij/A.= NiNj(v:+ Vj)

Hence

rk(i)= kill rate for red forcetype i

= z poff(i,j)d(i,j)+ pdef(i,j)~(j,i)
j

A9



●✌✎✌✌✎✌✎✎✎
.<<’. .. .. —.—

and

X’(j) = kill rate for blue forcetype j

= ~~(j,i)~(j,i) +~(j,i)d(i,j).
i“

i

..
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